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Differential Equations of First Order
and First Degree

INTRODUCTION

An equation of the form F (x, y: %] =0 in which x is the independent variable
and % appears with first degree is called a first order and first degree

differential equation. It can also be written in the form %’!‘ =f(x,y) or in the

form Mdx + Ndy = 0, where M and N are functions of x and y. Generally, it is
difficult to solve the first order differential equations and in some cases they may
not possess any solution. There are certain standard types of first order, first
degree equations. In this chapter we shall discuss the methods of solving them.

VARIABLES SEPARABLE
If the equation is of the form f; (x) dx = £ (y) dy then, its solution, by integration
is 6, (9dx=J6, (y) dy+C

where C is an arbitrary constant.

Bansple’L. Solve gxz o't 433 &Y

Solution. The given equation is
gxz e +x? e
or er dy = (e* + x?) dx

3
Integrating, e¥ = e* + %— +¢, where C is an arbitrary constant is the required

solution.

.. A I 21]
Example 2. Solve (y xdx) a(y + =
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Solution. The given equation is
dy 2 dy
g 2T — i
Y2 ax ™ Th
. dy 2
or At x)=—"—=(y—
BFR) e T W)
e dy - = dx
¥ —ay a+t+x
- ~ dy - dx
y - ay a+x
= dy dx

. . resolving into partial fractions.

a : il
or ot |l
[ [ av= 2=

L-ay ¥
Integrating, [-log (1 —ay) + log y]=log (x +a) +log C

where C is an arbitrary constant

or log [1 “Yay] = log {C (x + a)}
or Y _=c (x + a)
1 —ay

or y = C (x + a) (1 - ay) is the required sclution.
_ Example 2. Solve (x +y)* g—iﬂ =a’

Solution. Letx + y= v

then from (1) on differentiating with respect to x, we have

dx dx

dy dw
) —— = — 1
o dx [d:{ )

Substituting these values from (1) and (2) in the given equation, we get
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dv
2 2
v |—-1|=a
[dx }
dv
s 9
or v = a‘+v
i
v o
or P dv = dx
3ol 8
A +v-a
or de=dx
or [1- - Jdv=dx
2t +v
Integrating,
v-a’-]-m“[z]ﬂw
a a
where ¢ is an arbitrary constant
or v-atani(v/a)=x+c
or (x*y)-atan ((x +y)/a} =x+¢, from (1)
ot y-atant{(x+y)/a}=C
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Linear Differential Equations
A differential equation of the form %xi + Py =Q

where P and Q are constants or functions of x alone (and not of y) is called a
linear differential equation of the first order iny

its integrating factor = plFd

Multiplying both sides of (1) by this integrating factor (LF.) and then integrating
we get

y. e =C+ [Q. e/" dx, where Cis an arbitrary constant, is the complete
solution of (1)

Example Solve -g—)i + 2y tan x = sin x, given thaty =0 when x =n/3.
dx

Solution, Here P = 2 tan x and Q = sin x
. Integrating factor = el Pix = JJ2tan x dx
= gllog secx

= oloB (o) _ o 2

Multiplying the given equation by sec?x, we get

sec’x (%z + 2y tan x) = sin x sec’x
X

m‘si (yseczx)'-'secxtanx
dx

Integrating both sides with respect to x, we get

ysec2x=C + [ sec x tan x dx, where C is an arbitrary constant

or ysec2x = C+ sec x (1)
itis given that whenx=n/3,y=0

- from (1) 0 x sec? _;5~=nc:+sec3:¥
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or 0=C+ 2 . sec

WA
;I
%]

~. from (1} the required solution is
y sec? x = -2 + sec x
or v = -2 cos?x + cos x

Example .Solve (1 + y2) dx + (x —etan"'y) dy =0

Selution. The given equation can be written as

dx X ety
& =

dy 1y 1y

1
Therefore the integrating factor = e 1+y

- etan" ¥

Multiplying both sides of (1) by the integraﬁng factor and integrating, we have

tan y _— C + e,m-ly d}r
1 + y
where C is an arbitrary costant
or xe®™ 'Y = C+ ‘fezt dt, where t=tan 'y

1
=C+— 2t
2E‘

B | 1 =1
or CTIR Than G . R

Example .Solve —:’—i—z— +ycosx = % sin 2x

Solution. Here P=cos xand Q = IE sin 2x = sin x cos x

iPdx Joos x dx

. Integrating factor =e'"™ =e =efn X

Multiplying the given equation by the integrating factor esi® * and integrating
with respect to x, we get
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y. e * =C+ Ie““ * sin x cos x dx, where C is an arbitrary constant.
or y. "X =C+ je' tdt, where t = sin x
=C+t et-et

=C + esinx (sin x - 1)

or v.e®* =C+e" " (sinx-1)
Linear Differential Equations with

Constant Coefficients and
Applications

INTRODUCTION
A differential equation is of the form
4a® dll -1 dr- 2
dxz + a, s _{ +a, e _Z . UR— +ay=Q )

where a1, az.......an are constants and Q is a function of x only, is called a linear
differential equation of n* order. Such equations are most important in the study
of electro-mechanical vibrations and other engineering problems.

The operator :—x is denoted by D.

S DYyta Dy .t any =Q
or f(D)y=0Q
where f((D)y= Do+ a, D1 &+ + an

Solution of the Differential Equation
[f the given equation is

n n -1 n-2

:xz +a, :an-x +a, :x" _12 g ST +a,y=0 (1)
or (Dr+a Do~ +a De-2+ ... tan)y=0 (2)
Lety =emx
= DY=mrem™, 1<r<n
.. Then from equation (2)
m*+aam*-l+azmr-2+ ... +an)e™=0

y = e™ is a solution of (1), if
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This equation is called the auxiliary equation.
Case 1. When Auxiliary Equation has Distinct and real Roots

| FZ RS T —— my, are distinct roots of the auxiliary equation, then the
general solutionof (1)is y=C, e™* + C, ™™ + .............. + C, e
where G, Ca.....ceevee Cn are arbitrary constants

Illustration. Solve the differential equation
2

%‘; +3<¥ —say=0
Solution. The given equation is

(D2+3D-54)y =0
Here auxiliary equation is

mZ+3m-54=0
or (m+9)(m-6)=0
= m =6, -9
Hence the general solution of the given differential equation is y = Cyef* + Cy e

Case II. When Auxiliary Equation has real and some equal roots.

If the auxiliary equation has two roots equal, say m; = m; and others are distinct
Say my, My,...oceeeen ms. In this Case the general solution of the equation (1) is

y = (Ci + C2x) e™* +Cy e™* +ivvriirniaas +C e™*

where Ci, C2, Cavvvvvereenes Cs are arbitrary constants
Illustration. Solve the differential equation

(DA -D3-9D2-11D-4)y =0
Solution, The auxiliary equation of the give equation is
mé-m?-9Im2-1lm-4=0
or (m+1P(m-4)=0
= m=-1,-1,-1,4
Hence, the required solution is
y=(Ci+Cax + Cyx3) e+ el
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or y=(Gx2+Cax+C)ex+ Cyetx
Case IIl. When the auxiliary equation has imaginary roots

If there are one pair of imaginary roots say m; = a + if, mz = a - iff i.e. a = i say
then the required solution is

ex(Real part) [C, {cos (imaginary part) x} + Cz {sin (imaginary part) x}]
i.e. €™ [Cy cos Bx + Cz sin Bx]
or y = Ci1 e™cos (Bx + ()
Illustration. Solve (D2 -2D +5)y =0
Solution. Here the auxiliary equation is
m2-2m+5=0

or m=%[21,/(4-20)]-1t2i
. The required solution is

y = ex (C; cos 2x + Cz sin 2x)

Particular Integral (P.1.)

when the equation is
D*+a; D™ +.ccoot an) y = Q
or f(D)y=Q

The general solution of f (D) v = Q is equal to the sum of the general solution of
f() v = 0 called complementary function (C.F.) and any particular integral of the
equation (D) y =Q

- General solution = C.F. + P.L
A particular integral of the differential equation

: 1

(D) y = Qis given by 7ros Q

Methods of finding Particular integral

(A)

Case L P.L, when Q is of the form of e, where a is any constant and f(a) = 0
we know that D [eax) = 5 eax
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D2 (eox) = a2 e~

D3 (e*x) = a3 exx

In general D= (e=x) = a= e>x
- £(D) (e*) = f(a) exx

1 me. A _ax
or (D) fi(D) ¢ ——f(D) f(a)e
or e*> = f(a) ﬁ e -~ f(a) is constant
or L e.l - l e‘l
f(a) f(D)
1 ax

Case II. PI, when Q is of the form ofe*>, and f(a) =0
1 _ 1
) = = fF(D + a)

(D)
from the right of ——, then D should be replaced by (D + a)

Hence P.I. =

1, which shows that if e*~ is brought to the left

f(D)

Another method for Exceptional Case
If f(a) = O, then

SRR -
) 31 B ?T-Ds < > —f' (D) <
If F (a) = 0, then

1
i

- 32 ff—.(:l), if f (a)= 0

Example 1. Solve (D2 =20+ 3)y = e

Solution. Here auxiliary equation is m2 - Zm + 5 = 0, whose roots are

m=-1%2
.. CF. = ex[C; cos 2x + 2 sin 2x], where C; and C; are arbitrary constants
and Pl = + e™
D* -2D+5

1 X

-(_1)2-2(-1)*5e ~ herea=-1

-le
8
.. The required solutionisy = C.F. + P.L.

ie.y = e (Ci cos 2x + Cz sin 2x) +%e"‘
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Example 2. Solve (D - 1)2(D2 + 1R y = ex
Solution. Here the auxiliary equation is

(m-1Y2(m2+ 12 =0
or m=1,1,+i, i
SCFE. =(G+ G x)ex+ (G x + C) cos x + (Cex + G) sinx
where c's are arbitrary constant
— 1 — e*
(D —1)7 (DF + 1)’
- 1 1 P
(D-1* (% +1)y
1 1 e~
(-1 (2

and Pl =

e e R
(D-1)° 4
x 1 1
(D+1=1)° 4

2 =

- L_| X e

« 1 1 1 , 1 1, x°
— | —_— - = —
Drd 1S DW= g® 3

~. The required solution isy = C. F+ P.1.

o=

or y-{C1x+Cﬂe‘+l:C5x+C¢]cuux+(C,x+C¢}5h-m+%H:Eg

(B} (i) P.I. when Q is of the form sin ax or cos ax and f (-a?) = 0

sin ax, if f (-a®) = 0

—_— ginax =

f(D?) . f (-a®)
; oS ax = 1

(D?) f(-a")
(i) P.I. when Q is of the form sin ax or cos ax and f (-a2) =0

& cos ax, if f(-a®) = 0

Example .5Solve (D?-5D+ 6)y =sin3x

Solution. Its auxiliary equation is m? - Sm + 6 = 0 which gives
m=273

s CF. = Ch e + G e™, where € and C: are arbitrary constants
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and P.l.-—zl—sinSx
D? -5D+ 6
1
- sin 3 lacing D? -3
32 _-5D+6 erey s by

1 -1
~ (5D + 3) (GD + 3) (5D - 3)

(5D - 3) sin 3x

= ._—(2502 - (5D - 3) sin 3x

e (_“312) —5y (5D ~3) sin 3x

- é [SD (sin 3x) - 3sin 3x]

- —2;—4 [5 x 3 cos 3x - 3 sin 3x]

- % (5 cos 3x — sin 3x)

Hence the required solution is

y = Cs e2x+ Cze™ + - (5 cos 3x - sin 3x)

(&) To find P.I. when Q is of the form x»
x™, where m is a positive integer

In this case P.l= f 1

To evaluate this we take common the lowest degree from f(D), so that the
remaining factor reduces to the form [1 + F (D)] or [1 - F (D)]. Now take this
factor in the numerator with a negative index and expand it by Binomial theorem
in powers of D upto the term D™, (Since other higher derivatives of x* will be
zero) and operate upon x™. The following examples will illustrate the method.

Example 12.Solve (D3 - D2 -6D) y = x2+ 1 Where D = %3

dx
Solution. Here the auxiliary equationis m3-m2 - 6m = 0
or m(m2-m-6)=0
or m(m=-3)(m+2)=0
or m=0,3, -2
JGF=CGetx+ Cre+ Gye
or CF. = Cy + Ca e+ Gy e, where C;, C; and G, are arbitrary constants.
1
and PL= ————— (x* +1
Dz-D’-()D( )
- 1‘ - (2 +1)
1 L oy 2
-60( +6D 60)
2 2\2
O N P o s Y 0 PR - o) o3 +1)
6D 6 6 6 6
--31- [l+x2—%D(x2)+—D2(x2)] D(1)=0
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{E) To show that E:!"—Q-e" ‘FQe‘“d:,wherEQinlfundiunoEx.
—-—a

Q

Then (¥ - a) y = O, operating both sides with D' - a

Troof Lety = 'D1
—a

or g—z- - ay = Q. Which is a linear equation in y whose integrating factor is e-* its

solution is ye-ex = _FQ e ™ dx, neglecting the constant of integration as I"L is

required
or Y = pix er'“dx

1 — —ax
or B——;——a— Q L IQE' s

Example . . Solve (D?+ a?) y = sec ax
Solution. The auxiliary equation is m? + a? = 0 or m = + ai
s CF. = Ch cos ax + Cz sin ax, where C; and C; are arbitrary constants

1 1 1 1
and PI= ———— sec ax = - Sec ax 1
D* +a® 2ia [Dii.; n+ia:| (1)

MNow sec ax = g~ Isec ax. e ¥ dx

D-ia
=l Isec ax. (cos ax — i sin ax) dx

= glax I{',l—:itana:}d:
- gthE |:x+(§) lﬂgmﬁu]
- ot ax -
D_’iasccax e Isec ax.e™  dx
= tax Isec ax (cos ax + i sin ax) dx:

- tax I('l + i tan ax) dx

et o (3) wpomne]

S From (1) we, have

- 1 i ax i ~tax o i
P.I > a {e {x + > log cos ax} - {x = logcosax}]

e"' - @t ax = i re-c- + e—tn
§ [" [——5;—) w PEOER m )]

x > 1
- (—-) sinax + — cos ax. (log <os ax)
a &

.. The required solution is
yvy=C.F.+ P.L

or y=C;cosax+ Czsinax + *) sinax+ | = cos ax. log cos ax
a a*
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Equations Reducible To Linear
Equations with Constant Coefficients

INTRODUCTION

Now the shall study two such forms of linear differential equations with variable
coefficients which can be reduced to linear differential equations with constant
coefficients by suitable substituitions.

1L Cauchy's Homogeneous Linear Equations

A differential equation of the form
dn _ dn -1
x"a%+P, ‘ldx"¥+ ........... +Py=X
where Py, Ps,............ Pn are constants and X is either a function of x or a constant is

called Cauchy-Euler homogeneous linear differential equation.

The solution of the above homogenous linear equation may be obtained after
transforming it into linear equation with constant coefficients by using the

substitution.
- O |
By the substitution x = e* or z = logex; .. — = —
dx x
dy dy dz _1 dy
Now 2L = . 2o &9
i dx dz dx x dz
dy  dy 1
xdx dz (1)
2
dy_4d 91};".[1 d_Y)
Aga 2 (dx dx\x dz
My dz dy  dy 1 dy
_dz? dx dz _ _d2’ x dz
Xz xz
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S @
d®y _ d (d’y d |1 (d? dy
Al et Wl i) | s [| S oo | riame ' ] ol v e
= dx’ dx (dx2 dx | x* {dz? d=z

2|y d= _dy dz| o [dly dy
dz’ dx dz? dx dz?! dz

4

x

Substituting :—: - iand simplifying, we get

dy
+2 s (3)

d d
Usi — = — = D,in (1), (2
o R = (1), (2) and (3)

d
t _z-
we ge X = Dy

d2
x2 -d—x§ =D(D-1)y

g &
x E—}-D(D-‘l)(D-z)y

In general, we have
n
x= :xﬂ-D(D-l)(D—Z) ............. (D-l\*'l)y

Using, these results in homogeneous linear equation, it will be transformed into a
linear differential equation with constant coefficients.

2
Example . Solve x* d—'} . -3y = x? log x
dx dx
Solution. On changing the independent variable by substituting

d
= e = lo d — D
x or z BeX an e B

The differential equation becomes
[D((D-1)-D -—3] y = ze?>

or (D=2 -2D —-3) y = ze2=
Now the auxiliary equationism?* - 2Zm — 3 = 0
= m=3, -1

EHence, the CF. = Cr €32 + Ca e = Cy x5 + =2
xX
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1
and 1 N D SO -C
D?-2D-3

- a2k 1 2e 1

&=t z
(D+2yF -2(D+2)-3 D*+4+4D-2D-4-3

gt
D*+2D -3

2 1 2
= - ] Fo=s
. ( & 9)

Hence solution of the given differential equation is

C 1 2
- g M 1 2 it ) __.)
y=C; x xox (30&31 S

2. Legendre’s linear differential equation
(Equation reducible to homogeneous form)
An equation of the form

n-1

n
(ax + b)" % +k, (ax+b)" ! g—;a—_l! +.+tk,y=X (1)

Where a, b, ki, ka,..cue... kn are all constants and X is a function of x, is called
Legendre's linear equation.

Such equations can be reduced to linear equations with constant coefficients by
substituting ax + b =eZie. z = log (ax + b)

ThenitD=-9. 2 Sy d= __« dy
i dz" dx dz dx ax+b dz

ie.(ax+ b) % = aDy

dx? dx \ax+b dz (ax+b)® dz ax+b dz

Pr AR Sy (e

. [ &y _aF
(ax +b)* | dz* dz
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2
ie. (ax+ b)? :—¥ =a?D(D-1)y
x

3
Similarly (ax + b)’ 3—’3’ =a3D(D-1)(D-2)y and so on.
x

After making these replacements in (1), there results a linear equation with
constant coefficients.

2
Example Solve (1 +x)’3—¥- +(1+x) %{- +y=4coslog (1 +x)
x

Solution. put 1 + x = e and % =D

Hence the given differential equation becomes
[D(D-1)+D+1]y=4cosz
- Auxiliary equation is

DE+T1=00rD==i
S CE.=Cioos (z+ Cz) =C cos [log (1 + x) + Cz]

and Ple —> _gcoaz=4 = sinz

D* +1
=2z sinz
=2 log (1 + x) sin log (1 + x)
Hence the reguired solution is
vy =5 cos [log (1 + x)+ Cz] + 2log (1 + x) sin log (1 + x)

METHOD OF VARIATION OF PARAMETERS

Method of variation of parameters enables to find solution of any linear non
homogeneous differential equation of second order even (with wvariable
coefficients also) provided its complimentary function is given (known). The
particular integral of the non-homogeneous equation is obtained by varying the
parameters ie. by replacing the arbitrary constants in the C.F. by variable

functions
Consider a linear non-homogeneous second order differential equation with
variable coefficients
Y P P+ Qy=xw )
dx? dx
Suppose the complimentary function of (1) is = Gy, (x) + Cay, (x) (2)

so thaty, and y, satisfy

d? dy
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In method of variation of parameters the arbitrary constants C; and C; in (2) are
replaced by two unknown functions u (x) and v (x).

Let us assume particular integral is = u(x) y, (x) + v(x) y.(x) 3)
where u= I -?< Y2 - dx

Yi¥Yz2—Y1 Y2
and ve [—ZXN __ ux

YiYa=Y1 Y2

on putting the values of u and v in (3) we get P.1
Thus, required general solution = C.F + P.I

Example Apply the method of variation of parameters to solve dzz

s +y = tan x
Solution. The auxiliary equationism?+1=0=m==1i

S CF. =Cicosx+ Crsinx 1)

Here y: = cos x, y2 = sin x

Therefore y, y,' - y,' y2 = cos’x +sin’x =1

Let ussuppose PI=uy, +vy, 2)

where

"—I -.Xyz. dx__J'slnxtanxdx
Y1 ¥2 = Y1 Y2 1

2 - 2
__Ism xdx_‘_l COS™X 4x
cos x cOs X

-I(cosx-secx)dx

= sin x - log (sec x + tan x)

& V-Jr xly‘ - dx = dex
Yi¥2=¥3'Ya 1

- Isinxdx- - COS X

Putting the values of u and v in (2), we get
Pl=uyi+vy2
= [sin x - log (sec x + tan x)] cos x - cos x sinx
= — cos x log (sec x + tan x)

Therefore, complete solution is

y = C; cos x + Cz sin x - cos x log (sec x + tan x)

Page 17 Faculty: YASHANK MITTAL




. 3 A
>

O i
e ©
(
et

VISION INSTITUTE OF TECHNOLOGY, ALIGARH

L& Subject: ENGINEERING MATHEMATICS-II

Unit |
SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS WITH
VARIABLE COEFFICIENTS (Solution by Changing dependent and
independent variables)

INTRODUCTION

The general form of linear differential equation of the second order may be
written as

& dy £
o e 0
where P, Q and R are functions of x only. There is no general method for the
solution of this type of equations. Some particular methods used to solve these
equations are, change of independent variables, Variation of parameters and
removal of first order derivatives etc. As this kind of differential equations are of
great significance in physics, especially in connection with vibrations in
mechanics and theory of electric circuit. In addition many profound and beautiful
ideas in pure mathematics have grown out to the study of these equations.

Method I: Complete solution is terms of known integral belonging to the

complementary function (i.e. part of CF. is known or one solution is
known).

Let u be a part of complementary function of equation (1) and v is remaining
solution of differential equation (1)

Then the complete solution of equation (1) is

y=uv (2)
2 2 2
= ﬂ-vﬂ.&ud—vand.d._%-vﬂ-&z_dii!oug—v.
dx dx dx dx ax? dx dx dx?

Putting these values in equation (1) then, we get
2 2
vu_ +2du dv dv (vdu dv

+u—-+P

dx? dx dx dx? dx x
d’u du [div dv du dv
— +P — — +P —|+2 — — =R 3
= ¥ [dx’ G *Q“]+“ [dxl dx] dx dx @)
Since u is a part of CF. i.e. solution of (1)
d*u

du
dx’ *pﬁ’o"")
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Fence equation (3) becomes
d?v dwv du dv
+P—|+2 — — =R
= (dx dx] dx dx
d?v 2 du) dv R
or e ) &
dv d*v _ dz
Let — = that -
dE dax® dx
Equation (4) becomes
dz 2 du R
o — -
dx (P u dx) u’

which is linear in z, Hence z can be determined

We obtain v, by integration the relation :_\r =z
*
= L jz'. dx +

Therefore, the solution of (1) is y = u {fzd:-:*ri:;]

i.e, ¥ = uv

Hemark. Sﬂlvins bj.' the abowe method, u determined by inspection of the
following rules

(1) P+ Qx=0, themu = x

(2} IE1 + I+ Q) =0, then u = %

(3) If1 -P + Q =0, then u = o=

(4) 1f1+§+ ag-ll.thmu-e“

Fi
C(5) If2 +2Px + Qx* = (, then u = x?
(6) If om (o = 1) + P mx + Ox2 = 0, then u = x™

wt

Example Solve y" — dxy' + (422 - 2) y = 0 given that y =e" is an integral

induced in the complementary function.
Solution. The given equation may be written as

d—xz 4x%1 +(@x? -2)y=0

Here P= -4x, Q=4x*-2, R=0

2 du 2
and u=e* , so that — = 2 xe™
dx

Lety-uv:y-e"v (1)
we know that

>

av :+(P+.§. 22) iv-'O,AsR-O

dx u dx /) dx
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d*v 2 3 dv
—_— | — 2xe* -4x | — =0
= dx? (e"x Jd"
2
=> d—;-o
dx
dv
= A C
> veCix+ C;

Hence the complete solution is y = ¥ v

or y-e"' Cix+C,)

Method II. Normal form (Removal of first derivative)

d’y | dy
—_—tP =+ =R
dx* dx Qy

putting v = uv, we get
2
v[g_ﬂ +Pd_u +Qu]+u(

dx? dx
2 2
- ﬂ+(3d_u+P]d_v+v ld_u
dx> \u dx dx u dx?

Let

du dv

] dx dx
P

4
u

But the first order derivative must be remove

zgl—£+[’ =0 = d—uﬂ--l’dx
u 2

= logu--jg- dx

P ax
= u'e""d
2
Since g.u.-_.&{ .d_ﬂ--.l. [P du+ _d..g]
dx 2 dx? 2 dx dx
2 2
= dn, 1 p(-P_“) udP | Pu_udp
dx 2 dx 1 2 dx
d’v PP 1dP P? R
P ) S | s ST s
mm()dx2+v[4 2 dx 2 Q] u
d’v 1d4P P*) R
EI] o P A 2 g
B dx? (Q 2 dx 4) u
2
= d_:-QIV-E
dx u

This equation is called normal form of equation (1)

1 dP P

I=Q-— = - =

i 2 dx 4

Page 20
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Example: .Solve

a—! 4x—1+(4x -1)y =-3 e~ sin2x
x

Solution. Here P = —4x, Q = 4x2 - 1, R = -3e* sin 2x
so I-Q—-——-—P’-:tx’-‘l-%(-tl)-%(-ttx)’
=-g4x2 -1+ 2-4x2=1

s e-% frax _ c-i f-ax) ax

2 fxax g

e

Then substituting these values in the equation

2

d:-vlv-E,Wehave

dx u

2 R o

dY +v= 2 sin2x _ 55in2x
dx e*

isCF=Cycosx+ Casinx

and Pd=-—'—— 2sin2x= -3
D +1 -

sin 2x
1

= sin 2x
Thus v = Cj cos x + Cz sin x + sin 2x

Therefore reqv;xired solution is y = uv
or y =e* (C,; cos x+ C; sin x + sin 2x)

Method III. Change of independent variable

: da? d
consxder;%-*?—a%#Qy-R - (1)
Let us change the independent variable x to z and z = f(x).
d dy dz

The: L SR S o

- dx  dz dx @
d?y _ d (i): 2) -y &z (g\’ d’y 3)
dx? dx _dz dx dz dx* dx dx?

2
Putting the values of g—% and -::—xzz- in (1) we get

- 2 2
11(2)+91d_£+ dy dz o =
dz® \dx dz dx? sz dx Qy=R

S [ [
or = 3 o dx dxz +Qy =R
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Unit [
[p;df+efz)
- Ly dx  dx? dy ., Q __R
=& & &
dx dx dx
d? d
= ‘d‘z%“plgi“QIY'Rl (1)
22
where P, = dx Q, = Q and R )

& &

Equation (4) is solved either by taking P = 0 or O = a constant

Example  Solve by changing the independent variable

2
Y _9Y sy =3
xdx2 dx S
Solution. Given equation is
2
9_.1..1‘_’1+ z =t l
dx? x dx T A @™

Here P--%,Q-szandR-x‘

On changing the independent variable x to z, the equation (1) transformed as

d’y dy
dz? $5 3 ST, @
2
where Q, = Qz- 4xz-constai\t-lsay
&) &)
dx dx
dz'g 2
2 (2] -
dz
— P
= dx
= z = x2
2
= :x: -2
dz _ dz +(i }
2a-8 =G e
1 dzz 42
(5
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Unit I
on putting the values of P1, Q1 and R; in (2), we get
dz
e T
or (O* ey =—
isSAE ism2+1=0 = m=xi
CF=Cycosz +Cesinz
or C.F = C; cos x2+ Cy sin x2
1 z 1

Z=_(1+D*) 'z

=
e < D*+1 4 4

'

Hence the complete solutionisy = C.F + P.I

2
or y=--'(Zn:osx"“*Czsix'\x?+"T

SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT
COEFFICIENTS:

In Several applied mathematics problems, there are more than one dependent
variables, each of which is a function of one independent variable, usually say
time t. The formulation of such problems leads to a system of simultaneous linear
differential equation with constant coefficients. Such a system can be solved by
the method of elimination. Laplace transform method, using matrices and short
cut operator methods.

ixample Solve%x? +y=sint, %% +x=cost x(0)=2,y(0)=0

solution. We have
X +y=sint )
% + x = cost (2)
Jifferentiating (1) w.r.t. 't' we have
% + % = cost (3)
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Using (2) in (3) we get
1
g—;-x-u =1 (D -1)x=0
its auxiliary equation is
mi=1=10 = mo=z1]
x=Cret+ Cret {,.“
dx

=5 —_—=C e -, e"

dt
putting this value of %iﬂ{l‘] we get

yusin b - C; et +C; et ®)

Using given conditions
m (iv + -
e r e j)} = C =Cy=1
putting these values of C; and C; in (4) & (5) we get
x=e'+ et
and y = sint - et + et
is the required solution

On changing the independent variable x to z, the equation (1) transformed as

d* d
T *h ZErQy=R @
Q 43 .
where Q, = dzz- dzz-constant-lsay
(Z&) (a;)
where ( ) ( constant = 1 say
or ﬁ ~=4x2
dx
dz e - d?
= = 2x = z=>32 — ‘: -2
dz d -1
B i ey i 2 R x* x2 =z
S T (gz"4x="7"z
( ) =
on putting the values of P;, Q: and R: in (2), we get
d?y z
a2 Y 4
or (D} +1)y= %
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